Abstract. In this paper we study which solutions to an embedding problem can be constructed using a versal deformation of a group representation over an algebraically closed field of positive characteristic. This question reduces (at least stably) to finding which representations of finite groups have faithful versal deformations. We determine exactly when a versal deformation of a representation of a finite group is faithful in case the representation belongs to a cyclic block and its endomorphisms are given by scalar multiplications.
Introduction
In this paper we study which solutions to an embedding problem can be constructed using a versal deformation of a group representation. This leads to the problem of determining when a versal deformation of a representation of a finite group is faithful. We give a complete solution to this problem for representations belonging to cyclic blocks whose endomorphisms are given by scalar multiplications.
A (finite) embedding problem is specified by giving two continuous group surjections π : Γ → T and λ : G → T in which Γ is a profinite group and G and T are finite groups. A solution of this embedding problem is a continuous homomorphism h : Γ → G such that λ • h = π. If h is surjective, then h is called a proper solution.
In Galois theory, Γ is taken to be a quotient of Gal(N/N) by a closed subgroup, where N is a separable closure of a field N . A proper solution h of the embedding problem gives a G-extension N Ker(h) of N containing the T -extension N Ker(π) . One would like to find h, and the corresponding field N Ker(h) , in a constructive way.
For example, one would like to describe how to find h and construct N Ker(h) via values of special functions, or from Galois representations associated to modular forms, automorphic representations or the cohomology of algebraic varieties. Suppose now that V is the inflation from T to Γ of a representation of T over an algebraically closed field k with positive characteristic. A versal deformation U (Γ, V ) associated to V (see [16, §1.2] ), if it exists, is the isomorphism class of a lift of V over a local ring R(Γ, V ) having residue field k. We recall the defining properties of U (Γ, V ) and R(Γ, V ) in section 2. Both are known to exist if either Γ satisfies certain finiteness conditions [16, §1.1] or if End kΓ (V ) = k (see [7] ). If End kΓ (V ) = k, U(Γ, V ) is actually a universal deformation, and R(Γ, V ) and U (Γ, V ) are unique up to a unique isomorphism. In some situations of arithmetic interest, U (Γ, V ) is conjectured or proved to be constructible via modular forms; see [22] , [9] , [10] and [11] .
Suppose a versal deformation U (Γ, V ) exists. We say in Definition 2.2 that a proper solution h to the above embedding problem arises from U (Γ, Thus if one has a construction of N (Γ, V ), one can attempt to identify N Ker(h) inside this field.
It is not difficult to show (Theorem 2.5) that the question of whether all proper solutions to an embedding problem arise from a versal deformation can be reduced to studying when versal deformations of representations of finite groups are faithful. We will show (Theorem 3.2) that if Ker(λ) is a p-group, then there is a faithful representation V of T such that U (G, V ) is a faithful G-module. This implies (Remark 3.3(b)) that each finite solvable extension of a given field can be constructed using a finite sequence of versal deformations. We also prove (Theorem 3.4) that one can detect when a versal deformation of a representation of a finite group is faithful from versal deformation rings associated to quotients of the group through which the representation factors. Our main result concerns when a versal deformation of a representation of a finite group is faithful. We obtain the following complete answer to this question for representations belonging to cyclic blocks and having endomorphism ring equal to k.
Let V be a representation of a finite group G over k such that End kG (V ) = k. Let K be the kernel of the action of G on V . Suppose V belongs to a cyclic block B G,V of kG. (For background on cyclic blocks see [1, Chapter V] and also section 4.) The block B G,V is either a matrix algebra over k, or there is a tree associated to B G,V , called the Brauer tree Λ(B G,V ), which can be used to describe the composition series of all indecomposable B G,V -modules. Each vertex of Λ(B G,V ) has a positive integral multiplicity, which is 1 except for at most one vertex, which is called the exceptional vertex if it exists. We call Λ(B G,V ) a star with central exceptional vertex if all edges are adjacent to one vertex, called the center, and every vertex except possibly the center has multiplicity 1.
We can now state our main result. We prove this theorem using the determination in [5] of the universal deformation rings of representations belonging to cyclic blocks.
In section 5 we discuss examples which illustrate Theorem 1.1. An example involving non-cyclic blocks, which is completed in an appendix (see section 6), concerns the double coverÃ 5 of the alternating group A 5 . Embedding problems associated toÃ 5 have been of longstanding interest (see [21, §2.4] , [18] ).
Versal deformations and embedding problems
Let k be an algebraically closed field of positive characteristic p. By a representation of the profinite group Γ over k we will mean a finite dimensional vector space V over k having the discrete topology together with a continuous k-linear action of Γ. Define W = W (k) to be the ring of infinite Witt vectors over k. Let C be a subcategory of the category C top of local topological W -algebras A with residue field k. A lift of V over A is a pair consisting of a topological AΓ-module M which is a free A-module together with a kΓ-module isomorphism φ M : k ⊗ A M → V . A deformation of V over A is an isomorphism class of lifts (see [16, 7] ). We say that with respect to C, V has a versal deformation ring R(Γ, V ) ∈ C and a versal deformation U (Γ, V ) if for each A ∈ C and each lift M of V over A, there is a (possibly not unique) morphism µ : R(Γ, V ) → A in C so that there is an isomorphism between M and A ⊗ R(Γ,V ),µ U (Γ, V ) which respects φ M and φ U (Γ,V ) . If µ is unique for all A and all M , we will say R(Γ, V ) and U (Γ, V ) are universal. If R(Γ, V ) and U (Γ, V ) are universal, both R(Γ, V ) and U (Γ, V ) are unique up to a unique isomorphism.
For various C, Γ and V it is known that versal (respectively universal) deformation rings and deformations exist. For example, if C is the full subcategory C Noeth of complete Noetherian objects in C top , one always has versal R(Γ, V ) and U (Γ, V ) provided Γ satisfies certain finiteness conditions [16, §1.1] . Furthermore, U (Γ, V ) and R(Γ, V ) are unique up to a (not necessarily unique) isomorphism. For arbitrary profinite Γ and C the full subcategory C ProArt of objects in C top which are the projective limits of their discrete Artinian quotients, it is known by [7] that universal R(Γ, V ) and 
Proof. The kernel K(Γ, V ) does not depend on the choice of versal deformation
The rest of the lemma follows from the fact that if I is a collection of closed ideals J of R(Γ, V ) with the property that (
is the canonical surjection, then the intersection I of all ideals in I also has this property.
From now on we assume there exist versal R(Γ, V ) and U (Γ, V ) with respect to C. Suppose that the representation V of Γ is inflated from a representation of T via the surjection π : Γ → T . We will denote this representation of T also by V . We may then view V as a representation of G via inflation through the surjection λ : G → T . Lemma 2.1 insures that there exist versal R(T, V ) and U (T, V ). We will assume that there exist versal R(G, V ) and U (G, V ) with respect to C.
Definition 2.2.
A proper solution h : Γ → G to the embedding problem defined by π : Γ → T and λ : G → T will be said to arise from a versal deformation
Note that by Lemma 2.1, Definition 2.2 does not depend on the choice of versal deformation U (Γ, V ). Since it is in general difficult to find K(Γ, V ), we would like a sufficient condition for h to arise from U (Γ, V ) which involves only V as a representation of the finite group G. Definition 2.3. We will say that V distinguishes G if K(G, V ) is trivial. This is equivalent to each versal deformation U (G, V ) of V as a representation of G being faithful. We will say that V stably distinguishes G if there is a surjection µ :G → G of finite groups such that V inflated toG distinguishesG.
Note that if V is a faithful representation of G, then V distinguishes G. Example 2.4. The construction of the universal deformation of a 1-dimensional representation given by Mazur in [16] has the following consequences. If dim k (V ) = 1, then V defines a homomorphism χ V : G → k * whose image is cyclic and of order prime to p. The group G is distinguished by V if and only if it is isomorphic to the product of this image with a finite abelian p-group. This is the case if and only if G is stably distinguished by V .
The following result shows that studying which proper solutions to embedding problems arise from versal deformations reduces to determining which versal deformations of representations of finite groups are faithful. 
) must be contained in the kernel of the surjection h, proving (i). Conversely, we now suppose the hypotheses of (ii).
the embedding problem defined by π : Γ → T andλ = λ • µ :G → T . All that remains to be shown is that the inflation of V toG viaλ :G → T distinguishesG.
We need to show that each versal deformation U (G, V ) is faithful as aGmodule. Observe that sinceG = Image(ρ J (Γ, V )), the module U J (Γ, V ) is a faithful deformation of V as representation ofG over the ring R(Γ, V )/J. By the definition of versal deformations, there is thus a ring homomorphism
Hence the faithfulness of U J (Γ, V ) implies U (G, V ) must also be faithful, as required.
Groups distinguished by versal deformations
In view of Theorem 2.5, we are interested in when V distinguishes or stably distinguishes G. The case of greatest interest is when the kernel K of the action of
Proof. One readily reduces to the case in which V distinguishes G. In this case, the natural surjection 
is also a pro-p group. Thus if V distinguishes G, so that U (G, V ) is a faithful G-module, the kernel K of the action of G on V must be a pro-p group. Since G is finite, this implies K is a p-group.
If π : Γ → T and λ : G → T define an embedding problem, then Ker(λ) is a subgroup of K. Hence Proposition 3.1 shows that one will not solve embedding problems using versal deformations, in the sense of Theorem 2.5, if Ker(λ) is not a p-group. However, embedding problems in which Ker(λ) is a p-group are of definite interest, for instance in trying to realize solvable groups as Galois groups over function fields such as Q(x). To cite an interesting example, the theory of modular towers developed by P. Bailey and M. Fried in [3] provides an infinite family of solutions to embedding problems over Q(x) in which Ker(λ) is a p-group.
We have the following converse to Proposition 3.1. Proof. Suppose first that T is trivial, so that G = Ker(λ) is a p-group. It will suffice to show that there is an R as in the statement of the Theorem and a faithful representation ρ : G → GL n (R) for some n ≥ 1 such that the reduction
To construct ρ, we will use the following fact: There is a finite Galois extension L of the power series field k((t)) which is totally ramified and has Galois group G = Gal(L/k((t)) ). One can prove this fact, even for k which are not algebraically closed, in the following way. By [12, Thm. 3.11] , there exists anétale Galois cover X → A 1 k of the affine line over k with Galois group G which is totally split over the origin. This cover is then regular, or equivalently geometrically irreducible. Let X be the projective closure of X, so that X is a G-cover of the projective line P 1 k which can ramify only over the point ∞ at infinity on P 1 k . Let ∞ be a point of X over ∞, and let I ∞ ⊂ G be its inertia group. If I ∞ is a proper subgroup of G, then a maximal proper subgroup J containing I ∞ is normal in G because G is nilpotent. But then X/J is a non-trivial geometrically connectedétale Galois p-cover of P 1 k , which does not exist by the Hurwitz Theorem. Hence X → P 1 k is totally ramified over ∞. Thus if we take t to be a uniformizing parameter for P 1 k at ∞, the completion over ∞ of the function field of X gives an extension L of k((t)) of the required kind.
For each finite extension
) is a totally ramified G-extension, G must equal the first wild ramification group of this extension. Hence by [20 
for all non-trivial σ ∈ G. Choose a finite extension Z/k((t)) which is totally ramified, of degree m>#G, with m prime to p. The compositum LZ is a totally ramified extension of k((t)), and LZ/Z is Galois with Galois group G. We claim that
for all α ∈ B LZ . Since LZ/Z is totally ramified, any uniformizer π LZ of LZ is an algebra generator for B LZ over B Z . Hence by [20, Lemme IV.1(c)], it will suffice to show (3.
The discrete valuation ring B LZ is a free B Z -module of rank #G. The elements of G act B Z -linearly on B LZ . This action gives a faithful representationρ : G → GL n (B Z ) with n = #G. The inequality (3.2) implies that for all σ ∈ G and all α ∈ B LZ , σ(α) − α ∈ π Z B LZ . Therefore the image ofρ must be in the subgroup of GL n (B Z ) of matrices congruent to the identity matrix modulo m BZ = π Z B Z . Since G is finite, we can now take the ring R to be a sufficiently large Artinian quotient of B Z and ρ : G → GL n (R) to be the image ofρ under the homomorphism induced by the quotient homomorphism B Z → R. This proves Theorem 3.2 when T is trivial.
Suppose now that T is not trivial. We have shown that there is an integer n ≥ 1 so that if V 0 is the n-dimensional trivial representation of the p-group A = Ker(λ), then there is a lift M 0 of V 0 over a local Artinian ring R with residue field k such that M 0 is a faithful A-module. Define V = Ind 
and L j+1 is contained in the fixed field of a versal deformation of the inflation of a representation of Gal(L j /N ). In this sense, finite solvable extensions of a given field can be constructed using versal deformations, giving an alternative to the usual construction of such extensions by radicals.
We now give a criterion for when V distinguishes G using versal deformation rings. Consider the following condition.
For all nontrivial normal subgroups J of G contained in K, (3.6) the natural surjection of rings
given in Lemma 2.1 is not the identity. 
it follows that Q = {0} and τ J is the identity.
On the other hand if there is a nontrivial normal subgroup
Cyclic blocks
In this section we want to determine when a representation belonging to a cyclic block of the group ring of a finite group has a faithful versal deformation. We will prove Theorem 1.1, which gives a complete answer to this problem for representations having endomorphism ring k. The proof relies on results proved in [5] .
For the convenience of the reader we recall from [1, Chapter V] some properties of cyclic blocks. Suppose G is a finite group and B is a block of kG having cyclic defect groups. If B has trivial defect groups, then B is isomorphic to a matrix algebra over k. Suppose V is a representation of G over k such that End kG (V ) = k. Let K be the kernel of the action of G on V , and let G = G/K. We assume that K is nontrivial. Then with respect to the category V ) and U (G, V ) exist and are universal (see [7] ). In particular, they are all unique up to a unique isomorphism. Condition Suppose Λ(B G,V ) is not a star with central exceptional vertex. Then there exists either (a) a path of two edges S, U where S is a leaf edge with exceptional leaf vertex, or (b) a path of three edges R, S, U where the common vertex of R and S is exceptional. Consider the projective cover P S,G/J of S as a G/J-module. The description of the indecomposable modules for cyclic blocks as given in [13, 14] shows that no indecomposable B G,V -module can be isomorphic to the inflation of 
Proposition 4.2. Assume that K is a p-group. Suppose D G is nontrivial and Λ(B G,V ) is a star with central exceptional vertex. Then for all nontrivial normal subgroups J of G which are contained in K it follows that Λ(B G/J,V ) is a star with central exceptional vertex of strictly smaller multiplicity than the one of Λ(B G,V ).
One has
, and Condition (4.1) is not satisfied.
Proof. By the remarks just prior to Proposition 4.1, D G/J is cyclic nontrivial and of order at most that of D G . By [5, Lemma 9.2] it follows that the map Λ(B G/J,V ) → Λ(B G,V ) induced by inflation is a bijection of trees, and the multiplicity of the exceptional vertex of Λ(B G/J,V ) is bounded by that of the exceptional vertex of Λ(B G,V ).
Because of the description of the indecomposable modules for cyclic blocks in [13, 14] , it follows that this graph isomorphism sends the exceptional The following theorem gives some insight into the possible behaviors of the kernel K of V as a normal subgroup of G.
. Then the group K is a p -group, and the quotient group
Proof. Since V is relatively D G -projective, as a G-module, V is a direct summand of Ind 
. Suppose the order of K is divisible by p. Because K p is contained in K p , and K p is contained in a conjugate of D G by part (i), the order of the defect groups changes when going from G to G/K . But this means that R(G, V ) and R(G/K , V ) cannot be isomorphic. So K is a p -group. Since U = U (G, V ) is faithful as a G/K -module it follows as in the proof of Proposition 3.1 that K/K is a p-group. This proves (iii). 
We are now able to prove Theorem 1.1.
Proof of Theorem 1. 
Examples
In this section we want to study a few examples of embedding problems and the question of whether all their proper solutions arise from versal deformations. For simplicity, we will consider those representations V of T with End kT (V ) = k, since under this condition we have universal deformations with respect to the category C ProArt (see [7] ). Additionally, Condition (3.6) can be replaced by Condition (4.1).
In view of Theorem 2.5 we consider whether there is a representation V of T with End kT (V ) = k so that V distinguishes G. We will use Theorem 1.1 and Theorem 3.4 with Condition (3.6) replaced by Condition (4.1) to determine whether V distinguishes G.
Our first two examples deal with cyclic blocks. The third example looks at a tame block case. . .
Let V be a 2-dimensional uniserial kT -module. So for example V = S 1 S 2 . Then it follows that V is a faithful kT -module, since otherwise the kernel of V would be Z/pZ. But then V would be a representation of (Z/pZ) * and thus would be the direct sum of two simple modules. This is a contradiction. So V is a faithful kT -module. By Theorem 1.1, V distinguishes G. 
When L is unramified, solving these embedding problems is of classical interest in connection with the eigenspaces of the p-part of the ideal class group of Q(ζ p ) (see [23] , [19] , [15] ).
Example 5.3. In our third example we consider the case when p = 2, T is the alternating group A 5 of degree 5 and G is its double cover G =Ã 5 ∼ = SL 2 (Z/5Z). Suppose V is one of the two 2-dimensional simple kT -modules. Then V is a faithful kT -module since T is simple. By [4, Section 6.6], V belongs to the principal block B 0 of kT which has Kleinian 4-groups as defect groups and is thus a tame block. Note that the principal block of kG has quaternion defect groups of order 8 and is also tame.
By [4, Theorem 6.6.3] , B 0 has 3 simple modules and Ext [7, Section 5] ). So R(T, V ) is a quotient ring of W . Because A 5 has no ordinary irreducible character of degree 2, it follows that R(T, V ) = W/2 n W for some integer n ≥ 1. Since G = SL 2 (Z/5Z) does have an ordinary irreducible character of degree 2 which reduces to V modulo 2, it follows that, as G-module, V does have a lift over W . This means that R(G, V ) properly surjects onto R(T, V ). So Condition (4.1) is satisfied and V distinguishes G by Theorem 3.4.
We show in the next section that in fact R(T, V ) = k and R(G, V ) = W . The construction of a G =Ã 5 extension L/N which contains a given T = A 5 extension L /N is a famous problem and has been studied by many authors. For example, it is shown in [21, Section 2.4] that the obstruction to being able to construct such a G-extension is the second Stiefel-Whitney class of the trace form of L /N . When N = Q(t) and t is an indeterminate, some calculations of this obstruction are given in [18] .
Appendix: The double cover of A 5
In this section we adopt the notations of Example 5.3 of section 5. Thus T is the alternating group A 5 ∼ = SL 2 (F 4 ) and G is its double cover G =Ã 5 . For V we take one of the two 2-dimensional irreducible representations of T over an algebraically closed field k of characteristic p = 2. Our goal is to prove: Proposition 6.1. The universal deformation rings R(T, V ) and R(G, V ) are isomorphic to k and to W , respectively.
The decomposition matrix for the principal block of kÃ 5 is given in [8, p. 305 ]. This matrix shows that there is an absolutely irreducible ordinary character χ ofÃ 5 whose image under the decomposition map is the Brauer character of V .
Further the values of χ lie in W , since W contains all roots of unity of order prime to 2. The decomposition matrix also shows χ occurs with multiplicity 1 in the character of the projective WÃ 5 -cover of V . Hence χ is the character of a representationλ :Ã 5 → GL 2 (W ) which lifts V over W . Since χ is irreducible and A 5 has no 2-dimensional ordinary irreducible representation, it must be the case thatλ(−1) = −I where −1 is the nontrivial element of the center ofÃ 5 and I is the identity matrix in GL 2 (W ). Let H be the subgroup of GL 2 (W/4W ) which is the inverse image of SL 2 (F 4 ) under reduction modulo 2. We conclude that there is a commutative diagram where δ is as in (6.2) . Using the fact thatλ(−1) = −I, it follows that s is welldefined and a splitting of the bottom row of Diagram (6.1), hence β = 0.
We now define kA 5 -modules C and C by the diagram
in which I in the upper left corner is the identity matrix in M 2 (k) + , the left arrow a is the natural inclusion, the middle arrow b is the identity map, and c is the induced map on cokernels. (6.4) in which the vertical arrows are isomorphisms induced by the isomorphism δ of (6. where tr is the usual trace map. A simple matrix calculation shows that as a kA 5 -module, C has no submodule isomorphic to k with trivial A 5 -action. This means that U has to be one of the two irreducible 2-dimensional kA 5 -modules, and H 0 (A 5 , C ) = 0. In the long exact cohomology sequence of (6.6)
we also have H 0 (A 5 , k) = k and H 1 (A 5 , k) = Hom(A 5 , k) = 0. Thus to show that H 1 (A 5 , C ) = 0 it suffices to show that dim k H 1 (A 5 , U) = 1. By [4, Theorem 6.6.3(ii)], the two irreducible 2-dimensional kA 5 -modules occur both with multiplicity 1 in rad(P 1 )/rad 2 (P 1 ), where P 1 is the projective cover of the trivial simple kA 5 -module k and rad denotes the Jacobson radical. Since U is one of the two 2-dimensional irreducible kA 5 -modules, this means that
